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Let A be a positive or negative rational integer such that integers in the field 
of 2/l - 4A have unique prime factorization. An elementary criterion will be 
obtained for x* + x + A to be a prime number, where x is a positive integer. 
The criterion implies that for positive A the polynomial x2 + x + A is prime 
for x = 0, l,..., A - 2. 
1. INTRODUCTION 
Euler noted in 1772 that the quadratic polynomial x2 + x + 41 
represents a prime number for x = 0, 1, 2,..., 39, or equivalently that 
-163 is a quadratic non-residue of all primes less than 41. D. H. Lehmer 
observed in 1936 [l] that if x2 + x + A is prime for x = 0, l,..., A - 2, -- 
then the class number of the field Q(1/1 - 4A) must necessarily be one. 
It follows therefore from a celebrated result of H. M. Stark [2] that there 
is no polynomial x2 + x + A with A > 41 which has this prime producing 
property. 
The converse of Lehmer’s result, namely that if Z[+(l + 41 - 4A)] 
is a unique factorization domain then ~2 + x + A is necessarily prime for 
x = 0, l,..., A - 2, has as far as I know never been stated explicitly, 
although of course it follows from the result of Stark. Nevertheless a 
direct elementary proof might be of some interest. 
In what follows we shall establish an elementary criterion for x2 + x + A 
to be prime (under the above assumption on the class number) which has 
some interest of its own and which implies immediately the converse 
of Lehmer’s result. 
THEOREM 1. Let A be a positive integer such that Z[i(l + v’??)], 
N = 4A - 1 is a unique factorization domain. Then the number ofpositive 
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integer divisors of x2 + x + A, where x is a positive integer, is equal to 
the number of distinct solutions in integers m, n of 
n2 = 1 + 2m(2x + 1) - Nm2 
if A > 1, one third of this number if A = 1. 
(1) 
A weaker form of this formula was communicated to the author by 
an amateur number theorist, Colin Wakefield, in 1958, Wakefield showed 
that if Eq. (1) has a solution with m > 0 for given A >, 5 and some integer 
x, then x2 + x + A is not a prime. He verified by computation that for 
A = 41 and x < 1000 the converse was also true namely that if x2 + x +A 
was composite then Eq. (1) had a nontrivial solution. 
Note that m = 0, n = 51 is a solution for all x, corresponding to the 
existence of two nontrivial divisors 1 and x2 + x + A. For all other 
solutions (if they exist) m is positive. In the case of A = 2, N = 7, 
x2 + x + 2 is even for all x hence (for x > 1) it has at least four divisors. 
In fact, the equation 
n2 = 1 + (4x + 2)m - 7m2 
has for x > 1 at least two further solutions, namely 
m = t, n = *(t + 1) if x = 2t, 
m=t+l,n=*t if x=2t+l. 
If 0 < x < A - 1 then equation (1) has clearly no solution other than 
m = 0, n = fl since the right-hand side is then < 1 + 2m(2A - 3) - 
Nm2 = 1 - Nm(m - 1) - 5m < -4, form > 0. This shows immediately 
that x2 + x + A is prime for these values of x. 
COROLLARY 1. Let A E (3, 5, 11, 17,411. Then x2 + x + A is composite 
if and only if x can be represented in the form 
where 
x = as + Arb - ar, 
ar-bs= l,br#O (a, 6, r, s integers). 
For, Eq. (1) can be written as 
n2 = 4mx - 4Am2 + (m + 1)2, (2) 
and x2 + x + A is prime if and only if (2) has no solution in integers 
m > 0, n. But (2) requires m + 1 to be of the same parity as n, 
64I/W-3 
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n = m + 1 - 2k, hence x2 + x + A is composite if and only if x can be 
represented in the form 
x = Am - k + k(k - 1)/m, m # 0. (3) 
Hence writing m = b . r, k = a * r, (a, b) = 1, we must have b I(ar - 1) 
if (3) is to hold, ar - 1 = bs, and the corollary follows. 
Similar results can be obtained for x2 + x - A, A > 0 when 
Wi(l + d4A + 111 is a unique factorization domain. These values of 
A are of course much more numerous than those with A < 0. 
THEOREM 2. Let N = 4A + 1 > 0 be squarefree and suppose that 
the number of ideal classes in Jn = Z[+(l + l/R)] is 1. Let E = $(e + f&?) 
be the primitive unit in Jn with e > 0, f > 0 and 
e2 - f 2N = 47, q=+l or -1. (4) 
Let x be a non-negative integer such that x2 + x - A = fl and x # 2 
if A = 1. Then the number of positive integer divisors of x2 + x - A is 
equal to the number of solutions of 
(n + 1)2 = (m + 1)2 + 4m(x + mA) (5) 
in integers m, n, satisfying the following normalizing conditions: 
m * n > 0, (6) 
and if m # 0 then either 
17nlm > vlf 01 qn/m < qNfle = Teff - 4/ef: (7) 
COROLLARY 2. Let A and x be as in Theorem 2. Then x2 + x - A 
is composite if and only tf x can be represented in the form 
x = ar + as - Abr, bs-ar = 1, br # 0 
subject to 
q(1 + Wb) > self or q(l + 20) < self - 4lef. 
(Set n = m + 2k, k = ar, m = br, (a, b) = 1). 
Note: (i) Equation (5) is equivalent to 
n2 Jr 2n = Nm2 + 2my, y=2x+1. (5*) 
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(ii) m = 0, n = 0 and m = 0, n = -2 are solutions for every x 
(or v), corresponding to the two trivial divisors 1 and / x2 + x - A I. 
Thus Theorem 2 can be stated in the form that (except when A = 1, 
x = 2) the number of nontrivial positive integer divisors of x2 + x - A 
is equal to the number of solutions of (5*) in integers m # 0, n with 
conditions (6) and (7). 
(iii) The normalizing conditions (6) and (7) require that n/m be 
outside the internal [e/f- 47,+$ e/f]. Now if q = + 1 then e > 3 by (4), 
hence n2/mz is outside the internal [(e” - 6v)/f2, e”/f”]. But N=(e2-4q)/j2 
is inside this interval, therefore for given JJ the number of solutions of 
(5*) is finite. 
2. NORMALIZED ELEMENTS 
We begin with the proof of Theorem 2; the following lemma will 
select a unique representative from each class of associated elements in .JN . 
LEMMA 1. Every 01 E JN is associated with exactly one element of the 
form *(u + UV’%), u = v (mod 2), satisfying the following conditions: 
2.4 3 0, v>O (8) 
and if u > 0, v > 0 then either 
NV > vlf or rp/c < qNf/e. (9) 
We call this uniquely defined element the normalized representative 
of the class of associated elements. The lemma is valid for all N = 
4A + 1 > 0 squarefree, irrespective whether JN is a unique factorization 
domain or not. The argument used in the proof is of course well known, 
but apparently not the normalization itself. 
Assume first that A > 1, N > 5; then 
e33 (10) 
by (4). Furthermore if E = Q(e + f~%) then 
e-l = +j(e -f-\/T). (11) 
If we multiply 01 = +(u + v 4x) E J ,,, , u > 0, v > 0 by E then LX’ = 
a * E = +(u’ + v’ v%) will also have u’ > 0, v’ > 0. If we multiply 
a by e-l we get 
&7j(u + v dF)(e -f y’%) = +(u’ + v’ d\/lv> 
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with 
2u’ = v(ue - vfN), 2v’ = q(ve - uf), 
and the condition for u’ 2 0, v’ > 0 is 
qNfle < qulv < elf 
(12) 
(13) 
But if this condition is satisfied then 
u’ = $q(ue - vfN) < u. 
Indeed this is so, by (lo), if and only if I,H@ < v f N/(e - 27), hence by 
(13), if q(e/f) < qfN/(e - 277), i.e., if 
qe2 - 2e < qf 2N = ve2 - 4, 
which is true because of (10). So eventually we reach an associated element 
which has either u > 0, v = 0, or u = 0, v > 0, or u > 0, v > 0 but 
not (13). In the latter case it satisfies (9). 
We show now that if we multiply 01 = $-(u + v d/N) satisfying (8) 
and (9) by e-l, we get an element 01’ E Jnr with u’v’ < 0. This is seen trivially 
from (12) if u > 0, v = 0 or if u = 0, D > 0. If 24 > 0, v > 0, 7p/v > l;le/f 
then 2~’ = que - qvfN > ?pe2/f - qvfN = 4v/f > 0, 2~’ = qve - 
7uf < 0, and if u > 0, v > 0, ~u/v < qNf /e then 
2~’ < 0,2v’ = qve - quf > qve - qvNf “/e = 4vJe > 0. 
So in all cases u’v < 0. Furthermore it is clear from (12) that if we multiply 
an (II with uv < 0 by l -l then we still have L/v’ < 0. It follows that to 
every cy = Q(u + v y/B) # 0 with u 3 0, v > 0 there is a unique k 2 0 
such that LXE-~ is normalized according to (8), (9). By a very similar 
argument it can be shown that if uv < 0 then multiplication by a suitable 
&ek, k > 0 will yield a unique normalized element. 
In the case of A = 1, N = 5 we have e = f = 1, q = -1, E = 
$(l + x6), e2 = &(3 + x6), and by multiplying with an even power of 
E we reach a unique associated element satisfying u 3 0, v > 0, and 
ifu>O,u >Othen 
either u{v > 3 or u/v < 513. (9*) 
Multiplication by e-1 = i(fi - 1) gives 
u’ = $(5v - u), v’ = a(# - v). u2*1 
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Therefore if u > 0, v > 0 and u/u > 3 then either U’ < 0, o’ > 0 (if 
u > 5~) or U’ = 0, U’ > 0 (if u = 50) or U’ > 0 (if 3v < u < 50). In the 
last case u’ < v, v < v’ < 2v, r//v’ < 1 = e/f: 
If u > 0, u > 0 and U/V > 5/3 then (12*) gives either V’ -C 0, U’ > 0 
(if u ==c v) or U’ = 0, U’ > 0 (if u = V) or u’ > 0 (if 513 > u > 0). In that 
case u < u’ < 2u, v’ < u/5, u’lvf > 5 = Nfle. 
Hence in every case either 01 satisfies the normalizing conditions (S), 
(9) or if it does not then 01’ does and the lemma is proved. 
3. PROOF OF THEOREM 2 
To prove Theorem 2, set y = 2x + 1; then x2 + x - A = $(y2 - N), 
and the theorem follows from 
THEOREM 3. Let N = 4A + 1 > 0 be squarefree undQ(d/N) be of class 
number 1. Let e, f be as in Theorem 2 and y an oddpositive integer, y # 5 if 
N = 5. Then the number of nontrivial positive integer divisors of $(y2 - N) 
is equal to the number of distinct solutions in integers m # 0, n of 
n2 f 2n = Nm2 + 2my (14) 
with the conditions (6) and (7). 
Proof. Since there is unique prime factorization for the integers of 
Q(2/@, to every positive rational integer divisor d of 
i(Y” - N) = C&Y + t dTiij(bJ - + fi) 
there corresponds exactly one divisor +(u + u dN> of $(y + 4%) in JN , 
namely (d, $y + 4 6r), satisfying the normalizing conditions (8), (9) of 
Lemma 1. We then have 
with 
&(y + dN) = i(u + u dN)(u’ - II’ VTj 
u + u G u’ + 0’ = 0 (mod 2), 
(15) 
giving 
uu’ - vv’N = 2y, u’v - ld = 2. (16) 
From the second of these 
(u, 21) = 1 or 2. (17) 
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Furthermore if u(hence U) is even then 
+u + iv = 1 (mod 2). 
For, +U’U - &‘u = 1 and U’ E u’ = 1 (mod 2). 
From (16) 
u2v’ - v2v’N = 2vy - 2~. (19) 
Suppose that we have satisfied this last equation with integers u’, u, ZI, 
the latter with conditions (17), (18). Then 
u’ = 2(vy - u)/(u” - v2N) 
is an integer and so is 
2 + uu’ = 2v(uy - vN)/(u2 - v2N). 
But from (17) and (18) it follows that the largest odd divisor of v is relatively 
prime to u2 - v2N and in the case of v (hence U) even, that u2 - v2N = 4 
(mod 8). Therefore 
u’ = 2(uy - vN)/(u” - v2N) w-9 
is an integer which is easily seen to satisfy both equations (16). This 
incidentally implies (since y and N are odd) that if U, v satisfy 
u = v (mod2) (21) 
and (18), then u’, v’ also satisfy U’ = 21’ (mod 2). Thus the required number 
of solutions of (16) is equal to the number of solutions of (19) with the 
conditions (8), (9), (21), (17), and (18). 
Let U, v, v’ be such a solution and assume hrst that v’ # 0. Write 
m = vu’, n = uv’. (22) 
Then (19) gives 
n2 - m2N = 2my - 2n (14) 
as required, and the normalizing conditions (9) go into (7). In particular 
to each normalized solution u > 0, z, > 0, v’ # 0 of (19) there corresponds 
a normalized solution m, n of (14) with m * n > 0. 
Suppose now that we have an integer solution m, n of (14) with m, n > 0 
and fulfilling (7). Clearly m, n have the same parity since N is odd. Let 
m = 2Tm’, n = 2%‘, m’ E n’ E 1 (mod 2). If r = s = 0, we set u’ = 
&(m, n), the sign being chosen so that mu’ > 0. Determine U, v from (22). 
Then both are positive and odd, also (u, U) = 1 so that (17), (18) are 
satisfied and so is (19). 
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If r > 0, s > 0, r # s then at least one of r, s is 1 since y is odd, and 
we set ZJ’ = f(m/2, n/2). This will make (u, U) = 2 and (18) will be 
satisfied too. Finally if r = s > 0 then we set v’ = &(m, n) to make U,U 
odd and positive; otherwise (18) would not hold. Thus we have established 
a one to one correspondence between the normalized solutions of (19) 
with u > 0, IJ > 0, U’ # 0 and the normalized solutions of (14) with 
m # 0, n # 0. 
We examine now the solutions with uuv’ = 0. If u > 0, II = 0 then (19) 
gives uv’ = -2 and since u must be even, we have u = 2, u’ = - 1, 
u’ = y corresponding to the trivial divisor 1. If u = 0, ZI > 0 even, we 
must have v = 2 (to satisfy (17) and (21)) and (19) has a solution V‘ = -IV, 
U’ = 1 provided that y is a multiple of N, y = wN, w  an odd integer. It 
corresponds to the divisor N of ;T(y” - N) = i(w2N - 1) * N and to the 
solution n = 0, m = -2w of (14). Finally a solution with u’ = 0 requires 
u = y, v = 1, U’ = 2 since u = 2y, u = 2 is ruled out by (18). This 
corresponds to the trivial diviosr &(yz - N). It is normalized except when 
rNf/e G rly d v/J 
This holds if and only if 
i.e., if either y2 - N = 417, f = I, e2 = N $- 477, y = e (in which case 
$(y + v@) is a unit, there are no nontrivial divisors) or N = 5, e = f = 1, 
7 = - 1, y = 3 or 5. If y = 3 then $(y” - N) = 1 is again a unit, and 
if y = 5 we have the exempted case of Theorem 3. This completes the 
proof of the theorem. Also Theorem 2 is established with the addendum 
that if x2 + x - A = fl or if A = 1, x = 2 then the number of positive 
divisors of x2 $- x - A is one less than the number of normalized solutions 
of (5). 
4. THEOREM 1 
The proof of Theorem 1 is identical with that of Theorem 2 except that 
we operate in 
J-N = Z[&(l + d-N)I, N=4A-1, 
and therefore N must be replaced by -N throughout the argument. For 
instance instead of (16) we obtain 
uu‘ + vv’N = 2y, dv - uv’ = 2 
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and instead of (19) 
u2v + v2v’N = 2vy - 2~. 
The expressions for u’, v’ are now 
u’ = 2(uy + vN)/(u2 + v2N), v’ = 2(vy’ - u)/(u” + v2N). 
Otherwise the proof is somewhat simpler; there is no need for the 
elaborate Lemma 1. If A > 1, we select a unique representative of each 
class of associated elements by specifying v > 0 if u = 0, otherwise u > 0. 
If A = 1, this specification yields each class three times, due to the existence 
of six units in JeS . This explains the last statement in Theorem 1. 
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